Introduction {#Sec1}
============

Numerical simulations of time dependent single and multiphase phase flow and multicomponent transport processes in complex and porous media with strong heterogeneities and anisotropies are desirable in several fields of natural sciences and civil engineering as well as in a large number of branches of technology; cf. e.g., \[[@CR22], [@CR29]\]. Typically, the discretization in space involves a significant set of complexities and challenges. MFEM (cf. \[[@CR17], [@CR21]\]) have proved their potential and capability to approximate solutions with high accuracy and physical consistency; cf. e.g., \[[@CR13], [@CR19]\]. So far, the temporal approximation of flows and transport phenomena in porous media have received relatively little interest (cf. e.g., \[[@CR5], [@CR18], [@CR27], [@CR42]--[@CR44], [@CR49]\] and the references therein) and have been limited to traditional non-adaptive first and second order methods, even if strong chemical reactions with high temporal variations in profiles are present. Rigorous studies of higher order time discretizations are still missing. The low-order implicit time discretization is of particular concern with respect to numerical diffusion for smooth solutions of transport problems (cf. \[[@CR45]\] for a study on numerical diffusion for different temporal and spatial discretizations of a transport equation).

The Galerkin method is a well-recognised approach to solve time dependent problems; cf. e.g., \[[@CR6], [@CR48]\]. However, until now it has rarely been used in practice for discretizing the time variable in approximations of initial-boundary value problems. Since recently, variational time discretization schemes based on continuous or discontinuous finite element techniques have been developed to the point that they can be put into use (cf. \[[@CR30], [@CR31]\]) and demonstrate their significant advantages. Higher order methods are naturally embedded in these schemes and the uniform variational approach simplifies stability and error analyses. Further, goal-oriented error control \[[@CR9]\] based on the dual weighted residual approach relies on variational space-time formulations and the concepts of adaptive finite element techniques for changing the polynomial degree as well as the length of the time intervals become applicable. Variational time discretization schemes that are combined with continuous or discontinuous finite element methods for the spatial variables are studied for flow and parabolic problems in, for instance \[[@CR1]--[@CR4], [@CR10], [@CR15], [@CR30]--[@CR32], [@CR38], [@CR47]\] and for wave problems in, for instance \[[@CR7], [@CR36], [@CR37]\]. In these works algebraic formulations of the variational time discretizations are developed \[[@CR4], [@CR30], [@CR31], [@CR36], [@CR37], [@CR47]\], preconditioning techniques for the arising block matrix systems are addressed \[[@CR4], [@CR10], [@CR32], [@CR37]\] and, finally, computational studies are performed.

Numerical analyses of semidiscretizations in time by variational methods and of variational space-time approaches can be found in, for instance \[[@CR20], [@CR34], [@CR35], [@CR46], [@CR48]\]. In \[[@CR48]\] discontinuous variational approximations of the time variable are studied for abstract parabolic problems whereas in \[[@CR46]\] their continuous counterparts are analyzed. In \[[@CR20], [@CR47]\] discontinuous variational approximations in time and space are studied and error estimates are proved. In \[[@CR47]\] time-dependent domains are considered in an arbitrary Lagrangian Eulerian (ALE) framework and the advection--diffusion equation is written in mixed form as a system of first order equations in space. In \[[@CR25]\] a discontinuous Galerkin method in time combined with a stabilized finite element approach in space for first order partial differential equations is investigated for static and dynamically changing meshes. Error estimates in the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(L^2)$$\end{document}$ norm are derived. In \[[@CR34], [@CR35]\] continuous space-time approximations for nonlinear wave equations with mesh modifications and for the Schrödinger equation are considered. Existence and uniqueness of the discrete solutions are discussed and error estimates are proved for the schemes.

As far as the MFE approximation of parabolic problems is concerned, in \[[@CR48]\] an error estimate for the semidiscretization in space is given. However, for the flux variable an error estimate is proved only for the $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{H}(\mathrm {div};\Omega )$$\end{document}$. In \[[@CR23], [@CR33]\] similar error estimates, also in negative norms, are presented. In particular, estimates similar to the error estimates for conventional finite element approximations are established. The singular behavior of the error estimates as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\rightarrow 0$$\end{document}$ for initial data in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2(\Omega )$$\end{document}$ is further included.

In this work a continuous Galerkin--Petrov (cGP) method is used for the discretization in time, whereas the MFEM \[[@CR17], [@CR21]\] is applied for the spatial discretization. Appreciable advantages of the MFEM are its local mass conservation property and the inherent approximation of the flux field as part of the formulation itself. In simulating coupled flow and transport processes in porous media the flux approximation of the flow problem is usually of higher practical interest than the approximation of the scalar variable itself. To the best of our knowledge, rigorous error estimates for fully discrete variational space-time discretization schemes that are based on MFE approximations are still missing. In our numerical analysis we split the temporal discretization error from the spatial one by introducing an auxiliary problem based on the semidiscretization in time. We firstly estimate the temporal discretization error and secondly the error between the semidiscrete and the fully discrete solution. The order of convergence estimates are derived in the natural norms of the variational space-time approach. They are summarized in Theorem [4.6](#FPar33){ref-type="sec"}. For the scalar variable of the MFE approach one of the given error estimates, measured in the norm of $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(0,T;L^2(\Omega ))$$\end{document}$, is optimal in space and time if a certain regularity assumption is supposed to be satisfied. For constant scalar-valued diffusion coefficients an error estimate for the flux variable in the norm of $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(0,T;\varvec{L}^2(\Omega ))$$\end{document}$ is further provided. It is optimal in space and suboptimal in time. In the Gaussian quadrature points of the temporal discretization optimal order error estimates for the flux variable in $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{L}^2(\Omega )$$\end{document}$ are even obtained for heterogeneous diffusion matrices. The existence and uniqueness of the semidiscrete and fully discrete solution is further established. Even though a prototype model problem is studied here only, we believe that the techniques for analyzing mixed variational space-time approximation schemes can be applied similarly to more complex flow and transport problems in porous media.

This work is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} our fully discrete variational space-time method is developed. In Sect. [3](#Sec7){ref-type="sec"} we address the semidiscrete problem by proving existence and uniqueness of its solution and error estimates for the semidiscretization in time. In Sect. [4](#Sec10){ref-type="sec"} we study the fully discrete problem and show the existence and uniqueness of its solution. The error between the semidiscrete and fully discrete problem is estimated. In Theorem [4.6](#FPar33){ref-type="sec"} an error estimate for the simultaneous space-time discretization is provided by combining the before-given estimates of the temporal and spatial discretization. In Sect. [5](#Sec14){ref-type="sec"} we illustrate and validate our derived error estimates by numerical experiments. We end our work with some conclusions in Sect. [6](#Sec17){ref-type="sec"}.

The fully discrete variational scheme {#Sec2}
=====================================

Notation and preliminaries {#Sec3}
--------------------------

Throughout this paper, standard notations are used. A summary of the notations used in this work is presented in Appendix B. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$H^{-1}(\Omega )$$\end{document}$ denote its dual space. For the norms of the Sobolev spaces the notation is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Vert \varvec{v}\Vert _{\varvec{V}}:= \left( \Vert \varvec{v}\Vert ^2 + \Vert \nabla \cdot \varvec{v} \Vert ^2\right) ^{1/2}. \end{aligned}$$\end{document}$$Let $\documentclass[12pt]{minimal}
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                \begin{document}$$X_0 \subseteq X \subseteq X_1$$\end{document}$ be three reflexive Banach spaces with continuous embeddings. Then we consider the following set of Banach space valued function spaces,$$\documentclass[12pt]{minimal}
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                \begin{document}$$H_0^1(I;X)=\{u\in H^1(I; X)\mid u(0)=0\}$$\end{document}$.
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Problem formulation {#Sec4}
-------------------

As a prototype model for more sophisticated multiphase flow and multicomponent reactive transport systems in porous media (cf. e.g. \[[@CR22], [@CR29]\]) we study in this work$$\documentclass[12pt]{minimal}
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### Remark 2.1 {#FPar1}

Below, in order apply Lagrange interpolation in time to the function *f*, we need the stronger assumption that $\documentclass[12pt]{minimal}
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Variational discretization in time by a continuous Galerkin method {#Sec5}
------------------------------------------------------------------

For the discretization in time we decompose the time interval (0, *T*\] into *N* subintervals $\documentclass[12pt]{minimal}
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For the family of continuous variational time discretization schemes the spaces $\documentclass[12pt]{minimal}
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A semidiscrete variational approximation of the mixed form of problem ([2.6](#Equ6){ref-type=""})--([2.8](#Equ8){ref-type=""}), referred as the exact form of cGP(*r*), is then defined by solving the variational equations ([2.10](#Equ10){ref-type=""}), ([2.11](#Equ11){ref-type=""}) in discrete subspaces: *Find* $\documentclass[12pt]{minimal}
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We refer to the solution of Eqs. ([2.14](#Equ14){ref-type=""}), ([2.15](#Equ15){ref-type=""}) as the continuous Galerkin--Petrov method with piecewise polynomials of order *r* and use the notation cGP(*r*). To ensure the existence and uniqueness of solutions to ([2.14](#Equ14){ref-type=""}), ([2.15](#Equ15){ref-type=""}), it is sufficient to use the test spaces $\documentclass[12pt]{minimal}
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### Remark 2.2 {#FPar2}
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Below, we will also need the following auxiliary results.

### Lemma 2.4 {#FPar5}
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### Proof {#FPar6}

Using the properties of the basis functions $\documentclass[12pt]{minimal}
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Discretization in space by the mixed finite element method {#Sec6}
----------------------------------------------------------

Now, we present the fully discrete approximation scheme that is obtained by discretizing ([2.19](#Equ19){ref-type=""}), ([2.20](#Equ20){ref-type=""}) with respect to their spatial variables. For this we choose a pair of finite element spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{\Omega }$$\end{document}$ into closed subsets *K*, quadrilaterals in two space dimensions and hexahedrals in three space dimensions. Since the software library deal.ii \[[@CR8]\] that we use for our implementation of the schemes allows only quadrilateral and hexahedral elements, we restrict ourselves to these types of elements in the following. Triangular and tetrahedral elements can be treated in an analogous way. In our calculations (cf. Sect. [5](#Sec14){ref-type="sec"}) we use the Raviart--Thomas element on quadrilateral meshes for two space dimensions. For an application in three dimensions based on the Raviart--Thomas--Nédélec element we refer to \[[@CR15], [@CR37]\].

The construction of the discrete function spaces $\documentclass[12pt]{minimal}
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For the derivation of the algebraic formulation of the fully discrete variational problem ([2.28](#Equ28){ref-type=""}), ([2.29](#Equ29){ref-type=""}) we also refer to \[[@CR15], [@CR36]\]. In \[[@CR15], [@CR36]\], the iterative solution of the arising linear systems and the construction of an efficient preconditioner is further addressed. For solving the algebraic counterpart of Eqs. ([2.28](#Equ28){ref-type=""}), ([2.29](#Equ29){ref-type=""}) we do not apply an additional hybridization technique as it was done, for instance, in \[[@CR11], [@CR12], [@CR14]\] and the references therein. We solve the algebraic system by using a Schur complement technique. In \[[@CR36]\] the efficiency of the proposed iterative solver along with an adapted preconditioning technique is analyzed numerically. In \[[@CR15], [@CR36]\], the approximation properties of some families of space-time discretization schemes, including the cGP(*r*)--MFEM(*p*) approach, in terms of convergence rates and their robustness are studied by numerous numerical experiments. Test cases in three space dimensions and with heterogeneous and strongly anisotropic material properties are also included.

Existence and uniqueness of the semidiscrete approximation and error estimates {#Sec7}
==============================================================================

In this subsection we prove the existence and uniqueness of solutions to the semidiscrete approximation scheme that is defined by ([2.14](#Equ14){ref-type=""}), ([2.15](#Equ15){ref-type=""}) and its numerically integrated counterpart ([2.19](#Equ19){ref-type=""}), ([2.20](#Equ20){ref-type=""}), respectively. The time discretization error is also studied in this section. The spatial discretization error is analyzed in Sect. [4](#Sec10){ref-type="sec"}.

Existence and uniqueness of the semidiscrete approximation {#Sec8}
----------------------------------------------------------

### Theorem 3.1 {#FPar7}
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### Theorem 3.2 {#FPar9}

(Existence of solutions) Let the assumptions of Sect. [2.2](#Sec4){ref-type="sec"} about $\documentclass[12pt]{minimal}
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### Proof {#FPar10}

To prove existence of solutions to problem ([2.14](#Equ14){ref-type=""}), ([2.15](#Equ15){ref-type=""}), we will use an equivalent conformal formulation, see \[[@CR43]\] for a similar approach.
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As a corollary of the previous two theorems proving the existence of a unique solution to the semidiscrete problem ([2.14](#Equ14){ref-type=""}), ([2.15](#Equ15){ref-type=""}) we obtain an inf--sup stability condition within our space-time framework. This result will play a fundamental role in our error analyses. For this we need some further notation. Let $\documentclass[12pt]{minimal}
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### Corollary 3.3 {#FPar11}
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As a corollary we get the following inf--sup stability condition.

### Corollary 3.4 {#FPar12}

Let the assumptions of Sect. [2.2](#Sec4){ref-type="sec"} about $\documentclass[12pt]{minimal}
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### Proof {#FPar13}

The discrete problem ([3.13](#Equ43){ref-type=""}), ([3.14](#Equ44){ref-type=""}) satisfies the assumptions of the Banach--Nečas--Babuška theorem \[[@CR24], p. 85\]. Since the discrete problem ([3.13](#Equ43){ref-type=""}), ([3.14](#Equ44){ref-type=""}) is well-posed according to Corollary [3.3](#FPar11){ref-type="sec"}, the Banach--Nečas--Babuška theorem implies the inf--sup stability condition ([3.15](#Equ45){ref-type=""}). $\documentclass[12pt]{minimal}
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Estimates for the error between the continuous and the semidiscrete solution {#Sec9}
----------------------------------------------------------------------------

Now we shall show error estimates for the exact form ([2.14](#Equ14){ref-type=""}), ([2.15](#Equ15){ref-type=""}) of the cGP(*r*) approach applied to the mixed formulation ([2.10](#Equ10){ref-type=""}), ([2.11](#Equ11){ref-type=""}) of our parabolic model problem.

For this we assume that the following approximation property are satisfied. There exist interpolation operators $\documentclass[12pt]{minimal}
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We get the following error estimates in the natural norm of the time discretization.

### Theorem 3.5 {#FPar14}

\[Space-time error estimate for exact form of cGP(*r*)\] Let the assumptions of Sect. [2.2](#Sec4){ref-type="sec"} about $\documentclass[12pt]{minimal}
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### Remark 3.6 {#FPar16}
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Below we also need the following auxiliary lemma.

### Lemma 3.7 {#FPar17}
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### Proof {#FPar18}
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### Theorem 3.8 {#FPar19}
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Next we derive an error estimate for the non-exact form ([2.19](#Equ19){ref-type=""}), ([2.20](#Equ20){ref-type=""}) of the cGP(*r*) method. The difference of the non-exact form of cGP(*r*) to ([2.14](#Equ14){ref-type=""}), ([2.15](#Equ15){ref-type=""}) comes through the numerically integrated right-hand side term in ([2.19](#Equ19){ref-type=""}). Firstly, we ensure the existence and uniqueness of the solution to the non-exact form of cGP(*r*).
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### Proof {#FPar22}
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Existence and uniqueness of the solution $\documentclass[12pt]{minimal}
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Next, we present the corresponding a priori error estimate.

### Theorem 3.10 {#FPar23}

Let the assumptions of Sect. [2.2](#Sec4){ref-type="sec"} about $\documentclass[12pt]{minimal}
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Since the proof of Theorem [3.10](#FPar23){ref-type="sec"} follows from the proof of Theorem [3.5](#FPar14){ref-type="sec"} by a standard estimate of the interpolation error, we skip it here. For the sake of completeness we summarize the proof in the "Appendix" of this work.

Existence and uniqueness of the fully discrete approximation and error estimates {#Sec10}
================================================================================

In the first subsection of Sect. [4](#Sec10){ref-type="sec"} we prove the existence and uniqueness of solutions to the fully discrete approximation scheme ([2.28](#Equ28){ref-type=""}), ([2.29](#Equ29){ref-type=""}). Then, in Sect. [4.2](#Sec12){ref-type="sec"} we establish an estimate for the error between the non-exact form of the semidiscrete approximation defined by Eqs. ([2.19](#Equ19){ref-type=""}), ([2.20](#Equ20){ref-type=""}) and the fully discrete solution given by Eqs. ([2.28](#Equ28){ref-type=""}), ([2.29](#Equ29){ref-type=""}). Finally, in Sect. [4.3](#Sec13){ref-type="sec"} we combine the error estimates of the temporal discretization that are derived in Sect. [3](#Sec7){ref-type="sec"} with the error estimates of Sect. [4.2](#Sec12){ref-type="sec"} to get the desired error estimates.

Existence and uniqueness of the fully discrete approximation {#Sec11}
------------------------------------------------------------

Firstly we prove the existence and uniqueness of solutions to the fully discrete cGP(*r*)--MFEM(*p*) scheme ([2.28](#Equ28){ref-type=""}), ([2.29](#Equ29){ref-type=""}). For this we need the following lemma (cf. \[[@CR44], p. 302\].

### Lemma 4.1 {#FPar24}
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### Theorem 4.2 {#FPar25}
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Estimates for the error between the semidiscrete and the fully discrete solution {#Sec12}
--------------------------------------------------------------------------------

In this subsection we derive estimates for the error between the semidiscrete approximation defined by Eqs. ([2.14](#Equ14){ref-type=""}), ([2.15](#Equ15){ref-type=""}) and the fully discrete solution given by Eqs. ([2.28](#Equ28){ref-type=""}), ([2.29](#Equ29){ref-type=""}). For this we use the following projection operators (cf. \[[@CR5], [@CR17]\] and \[[@CR40], p. 237\]) defined in *W* and $\documentclass[12pt]{minimal}
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For the error between the semidiscrete solution and fully discrete we use the notation$$\documentclass[12pt]{minimal}
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### Proof {#FPar30}
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### Proof {#FPar32}
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To estimate the divergence part of the error in ([4.31](#Equ101){ref-type=""}), we use that by definition of the projection operators it holds that$$\documentclass[12pt]{minimal}
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We remark that the inequalities ([4.30](#Equ100){ref-type=""}) and ([4.31](#Equ101){ref-type=""}) provide an error control for the spatial discretization in the Gaussian quadrature points or temporal degrees of freedom of the subintervals $\documentclass[12pt]{minimal}
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Error estimates for the error between the continuous and the fully discrete solution {#Sec13}
------------------------------------------------------------------------------------

In this section we combine the results of Theorems [3.8](#FPar19){ref-type="sec"} and [3.10](#FPar23){ref-type="sec"} with the estimates of Theorem [4.5](#FPar31){ref-type="sec"} to prove the convergence of the fully discrete scheme.

### Theorem 4.6 {#FPar33}
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### Proof {#FPar34}

By using the triangle inequality, Theorems [3.10](#FPar23){ref-type="sec"} and [4.5](#FPar31){ref-type="sec"} it follows that$$\documentclass[12pt]{minimal}
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### Remark 4.7 {#FPar35}

The error estimate ([4.43](#Equ113){ref-type=""}) is optimal in time and space. The assumption of an interpolated right-hand side function ([2.21](#Equ21){ref-type=""}) can still be dropped even though this is not explicitly done in this work. It requires to estimate the error between the exact form of cGP(*r*) defined in ([2.14](#Equ14){ref-type=""}), ([2.15](#Equ15){ref-type=""}) and the fully discrete solution. In this case the arguments used to prove Theorem [4.5](#FPar31){ref-type="sec"} have to be augmented by an estimate of the interpolation error for the right-hand side function, similarly to the proof of Theorem [3.10](#FPar23){ref-type="sec"}.The error estimate ([4.42](#Equ112){ref-type=""}) is suboptimal in time. It remains an open problem to analyze if the estimates can still be sharpened to order $\documentclass[12pt]{minimal}
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Numerical studies {#Sec14}
=================

In this section we present numerical studies in order to illustrate the error estimate given in Theorem [4.6](#FPar33){ref-type="sec"} for the fully discrete scheme ([2.28](#Equ28){ref-type=""}), ([2.29](#Equ29){ref-type=""}) combining a variational time discretization with the MFEM. Moreover, we analyze the robustness of the convergence behaviour with respect to random perturbations of the meshes. Thereby we mimic mesh distributions of applications that are of practical interest. Additional convergence studies for variational space-time discretizations of the proposed type as well as for discontinuous time discretizations can be found in \[[@CR15], [@CR37]\] for parabolic problems and in \[[@CR36], [@CR37]\] for variational space-time discretizations of wave equations. In \[[@CR15], [@CR37]\] the efficient iterative solution of the resulting algebraic system of Eqs. ([2.28](#Equ28){ref-type=""}), ([2.29](#Equ29){ref-type=""}) along with the construction of appropriate preconditioning techniques is carefully addressed. In the literature, further computational studies of variational time discretization schemes are presented also for different kind of flow and transport problems in, e.g., \[[@CR1]--[@CR3], [@CR30]--[@CR32], [@CR38], [@CR46]\].
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Uniform meshes {#Sec15}
--------------

To determine the experimental orders of convergence the space-time mesh is refined uniformly by a factor of two in each of the space dimensions and in the time dimension. The characteristic mesh numbers are provided in Table [1](#Tab1){ref-type="table"}. We summarize the calculated errors and their experimental order of convergence (EOC) for the proposed space-time discretization in Table [2](#Tab2){ref-type="table"} and further illustrate them in Fig. [1](#Fig1){ref-type="fig"}. The numerical results confirm the expected third order rate of convergence established in Theorem [4.6](#FPar33){ref-type="sec"} (cf. also Remark [4.7](#FPar35){ref-type="sec"}) for the discretization in the space-time domain with polynomial order $\documentclass[12pt]{minimal}
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Distorted meshes {#Sec16}
----------------

In the second part of the numerical convergence studies we approximate the same analytical solution as before but we use spatial meshes with randomly distorted interior vertices. Precisely, in each of the computations we start on a coarse mesh and do uniform refinement steps by halvening the spatial mesh width. On the thus obtained finest mesh each of the interior vertices is distorted by a randomly chosen vector. The magnitude of the distortion vector is chosen randomly up to a given factor of relative length to the corresponding edge length. The characteristic numbers of the refinement levels are summarized in Table [3](#Tab3){ref-type="table"}. The resulting distorted meshes are illustrated in Fig. [2](#Fig2){ref-type="fig"} for the refinement level 3. The temporal mesh is chosen in the same way as in the first numerical experiment; cf. Table [1](#Tab1){ref-type="table"}.Table 3Distorted spatial mesh: $\documentclass[12pt]{minimal}
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Fig. 2Distorted spatial meshes for $\documentclass[12pt]{minimal}
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Fig. 3Calculated errors and corresponding experimental order of convergence on distorted meshes given in Table [3](#Tab3){ref-type="table"}

We summarize the calculated errors and the corresponding experimental order of convergence (EOC) for the proposed space-time discretization on the distorted spatial meshes in Table [4](#Tab4){ref-type="table"} for the scalar-valued primal variable and in Tables [5](#Tab5){ref-type="table"} and [6](#Tab6){ref-type="table"} for the vector-valued flux variable and further illustrate them in Fig. [3](#Fig3){ref-type="fig"}. Tables [5](#Tab5){ref-type="table"} and [6](#Tab6){ref-type="table"} differ by the norms in that the errors of the flux approximation are measured. In Tables [4](#Tab4){ref-type="table"} and [5](#Tab5){ref-type="table"} the expected order of convergence in space and time, for the primal variable measured in the norm of $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(I; \varvec{L}^2(\Omega ))$$\end{document}$, is largely confirmed even for the strongly perturbed meshes with a distortion factor of 25%. This nicely demonstrates the robustness of the numerical scheme. Solely in Table [6](#Tab6){ref-type="table"} a slight reduction of the experimental order of convergence is observed depending on the degree of mesh perturbation. On the randomly distorted meshes the quasi uniformity condition, that is typically assumed about the finite element meshes in the numerical analyses, deteriorates successively. We conjecture that this impacts the convergence behavior in the stronger $\documentclass[12pt]{minimal}
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Conclusions {#Sec17}
===========

In this work a numerical analysis of a family of variational space approximation schemes that combine continuous finite elements in time with the MFEM in space was presented for a parabolic prototype model of flow in porous media. The existence and uniqueness of the temporally semidiscrete and the fully discrete approximations were proved. Error estimates with explicit rates of convergence, including an optimal order error estimate, in natural norms of the scheme were established. The error estimates were illustrated and confirmed by numerical convergence studies. We believe that our analyses and techniques can be extended and applied to more sophisticated flow and transport processes in porous media or to incompressible viscous free flow. This will be our work for the future.

A Supplementary proofs {#Sec18}
======================

In the sequel we introduce a variational semidiscretization in time of the weak formulation of the second order problem ([2.6](#Equ6){ref-type=""})--([2.8](#Equ8){ref-type=""}), i.e. without rewriting Eq. ([2.6](#Equ6){ref-type=""}) as a first order system of equations as it is done in Sect. [2.3](#Sec5){ref-type="sec"}. Then we prove the existence and uniqueness of solutions to the resulting semidiscrete variational problem. This results is used to establish the existence of the semidiscrete approximation in mixed form defined by the variational problem ([2.14](#Equ14){ref-type=""}), ([2.15](#Equ15){ref-type=""}) in Sect. [3](#Sec7){ref-type="sec"}. Here, we present a different technique of proof than in \[[@CR46]\] since one of the arguments that is used \[[@CR46], Lemma 6.1\] does not hold in the applied form from our point of view. Thereby, we aim to keep our work self-contained. Further, we summarize the proof of Theorem [3.10](#FPar23){ref-type="sec"}.

A.1 Variational time discretization of the second order problem {#Sec19}
---------------------------------------------------------------

In the following we use the notation that is introduced in Sects. [2.1](#Sec3){ref-type="sec"} and [2.3](#Sec5){ref-type="sec"}, respectively. Moreover we use the splitting \[cf. Eq. ([3.12](#Equ42){ref-type=""})\]$$\documentclass[12pt]{minimal}
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The existence of a solution to the semidiscrete problem ([A.1](#Equ114){ref-type=""}) follows from the uniqueness of the solutions. Using the eigenspaces of *A*, problem ([A.1](#Equ114){ref-type=""}) can be reduced to a set of finite dimensional problems, for each of which obviously uniqueness implies existence. For this we recall the following result from \[[@CR26], Appendix D.6\].
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Similarly to Corollary [3.4](#FPar12){ref-type="sec"}, the existence and uniqueness of the semidiscrete solution implies that an inf--sup stability condition in the underlying space-time framework is satisfied \[[@CR24], p. 85, Thm. 2.6\].

### Corollary A.4 {#FPar41}
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### Remark A.5 {#FPar42}

By the arguments of \[[@CR46], Thm. 6.2\] the inf--sup stability condition implies an error estimate for the semidiscretization ([A.1](#Equ114){ref-type=""}) where the error is measured in the corresponding natural norm ([A.6](#Equ119){ref-type=""}) of the scheme.
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### Proof {#FPar43}
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